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Abstract :
High precision direct numerical simulations (DNS) of the boundary layer flow in a rotating cavity are carried
above the expected critical Reynolds number for transition from convective to absolute behaviour. The sustained
presence of an absolute mode of crossflow instabilty is observed, associated with saturation and progressive spec-
trum broadening, due to non-linear effects. Eventually, the flow settles in a solution exhibiting properties consistent
with a global non-linear mode, as described by Pier (2003).
Résumé :
L’écoulement de couche limite à la paroi d’une cavité en rotation est étudié par simulation numérique directe.
On se place au delà du Reynolds critique pour l’apparition d’instabilités absolues. Les simulations montrent la
présence stabilisée d’un mode absolu, qui s’accompagne d’une saturation en amplitude et d’un élargissement du
spectre, à travers les effets non-linéaires. Au bout d’un certain temps, l’écoulement supporte un mode global non
linéaire d’oscillation ayant des caractéristiques proches de celles prédites par Pier (2003).
Key-words :
rotating ; transition ; absolute
1 Introduction
The flow over a rotating disk has long served as a prototype flow for three dimensional boundary
layer. Indeed it exhibits an inflectional velocity profile, and an inviscid crossflow instability.
Moreover, when the configuration is extended to an ensemble of two corotating parallel disks,
and added a source at the hub and a sink at the rim, it becomes, even crudely, representative of
one commonly found in turbomachinery engineering. So, many works have been devoted to the
study of the unstable waves found in this configuration, and the associated process of transition
toward turbulence, for a review see Crespo del Arco et al. (1996)and Serre et al. (2004). Results
of linear stability analysis, see Lilly (1966), have shown that the Ekman layer is subject to at
least two types of instability. Type I, due to the inflectionnal nature of the velocity profile is
called inviscid, or crossflow, whereas type II is considered to be the result of the combined
effects of viscous and Coriolis forces.
Interest in this flows was renewed after Lingwood (1997) found that the crossflow instability
was subject to transition from convective to absolute behaviour at a Reynolds number not far
below the onset of turbulence.
Following Huerre & Monkewitz (1990) we may say that an absolutely unstable flow acts as a
self-oscillator, whereas a convectively unstable one is a perturbation amplifier.
Further studies in this prospect have been conducted recently by several authors.
Turkyilmazoglu & Gajjar (2000) solved the linear stability equations of the rotating disk flow
using small perturbations and parallel flow assumption. They used a spectral high precision
numerical method, and found results similar to those of Lingwood. But they argued that if the
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Figure 1: Scheme of the annular cavity. Big arrows at Rin and Rout show the direction of the imposed
outflow. Velocity vector field in the (r, z) plane figures the base flow.
non-parallel effects were taken into account the transition from convective to absolute regime
might occur at a significantly higher Reynolds, possibly above the onset of transition. On
the other hand they studied the coalescence of type I and II modes (propagating in the same
direction), and found that they gave birth to a direct spatial resonance at a Reynolds number
(445) significantly lower than the one associated with the absolute mode (507). This resonance
results in a short term algebraic growth that could promote nonlinearity and transition, even
before the occurence of absolute instability. As the Reynolds number (445) is sufficiently low,
this scenario is likely to survive the non parallel effects.
Davies & Carpenter (2003) used a direct numerical simulation of the linearized Navier Stokes
equations to study the impulse response of a single azimutal mode, both within and outside the
parallel assumption. In the frame of this assumption they obtained results fully in accordance
with the theory of Lingwood. Without this assumption they have results consistent with the
experimental observations of Lingwood, but they found also that whereas transient absolute
behaviour is observed, it is not sustained in time, and in the end convective behaviour dominates
at every Reynolds. So they conclude that there is no evidence of the absolute instability giving
rise to a global oscillator.
Pier (2003) conducted a secondary instability analysis of the flow resulting from the primary
saturated vortices corresponding to the type I absolute mode. Unlike the precedent this study is
non linear, but it remains in the frame of the quasi parallel flow assumption. The main result is
the fact that this primary disturbed flow is subject to secondary absolute instability at a Reynolds
number lower than the first one. That is to say, it is absolutely unstable as soon as it appears.
The author concludes that the naturally selected structure is thus dynamically unstable and
gives way to a turbulent regime.
In this paper, we address the question of the sustained existence of a global mode of finite
amplitude.
2 Modelling and numerical method
2.1 Modelling
The geometrical model (Figure 1) corresponds to two parallel discs at the distance 2h enclosing
an annular domain of radial extent ∆R = Rout − Rin. The two disks rotate at uniform angular
velocity Ω = Ωez, ez being the unit vector in the axial direction. The geometrical parameters
are the characteristic radius of curvature Rm = (Rin + Rout)/∆R, and the aspect ratio L =
∆R/(2h).
The incompressible fluid motion is governed by the three-dimensional Navier-Stokes equa-
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tions, which are written in the rotating frame associated with the disks. The equations are made
non dimensional using h, Ω−1, ΩRout as characteristic scales for space, time and velocity, re-
spectively. The mass flow rate Q imposed at the inflow is made dimensionless according to
Cw = Q/(νR∗out).
The laminar base flow consists of two Ekman boundary layers separated by an inviscid core
where radial and axial velocities vanishes. Using the characteristic lengthscale of the Ekman
boundary layer δ =
√
ν/Ω and V ∗g the value of the azimuthal velocity far from the disks, we
can define a local Reynolds number Reδ = V ∗∞δ/ν. According to mass flow rate conservation,
the geostrophic velocity can be expressed in terms of Reh = (2h/δ)2 and Cw, yielding Vg =
−Cw/(piL√Reh(Rm + r)). So that, contrary to the single disk case, the geostrophic velocity
decreases with the radius (like 1/r). As a consequence, the base flow is no longer strictly
parallel and the local Reynolds and Rossby numbers are decreasing too, as shown by equation
1.
Reδ =
(Rm + 1)Cw
(Rm + r)2pi
Ro = − (Rm + 1)Cw
(Rm + r)2Lpi
√
Reh
(1)
The Rossby number, Ro = ∆Ω/Ω˜ is homogenous to the ratio of the (non-linear) inertial ef-
fects by the Coriolis force, so that when Ro goes to zero, the actual solution nears the linear
one. It is defined using ∆Ω = Ωf − Ω, with Ωf the fluid rotation rate in the core and Ω˜ a
global rotation rate of the system, such as defined in Lingwood (1997), Ω˜ = (Ωf + Ω)/4 +√
((Ωf + Ω)/4)2 + (∆Ω)2/2
This implies that the base flow is no longer linear for large local Reynolds number (correspond-
ing to large mass flow rate).
2.2 Numerical method
The spatial discretization is based on a pseudospectral Chebyshev-Fourier method. In the ax-
ial and radial directions Chebyshev polynomials are used on the Gauss-Lobatto grid points,
and Fourier expansion is applied in the azimuthal direction. The natural strenghtening of the
Gauss-Lobatto points near the boundaries ensures a high accuracy of the solution within the
thin boundary layers at the walls. The radial coordinate has to be mapped onto [−1; 1], and we
write r∗ = L(Rm + r). Any of the flow variables Ψ ∈ {u, v, w, p} can be expanded in the form
of a truncated series.
Ψ(r, θ, z, t) = Σ
K/2
k=−K/2Σ
N−1
n=0 Σ
M−1
m=0 Ψˆnmk(t)Tn(r)Tm(z)e
ikθ
The spectral coefficients Ψˆnmk are the new unknowns. Partial differentiations are conducted in
the spectral space through multiplication by ad hoc matrixes. This pseudo-spectral discretiza-
tion ensures exponential convergence of the solution Raspo et al. (2002).
The time scheme is semi-implicit and second-order accurate. It is a combination of an
explicit treatment (second order Adams-Bashforth) of the convective non-linear terms, and an
implicit (Backward Euler) discretization for the viscous diffusive terms. The coupling between
velocity and pressure (incompressibility condition) is achieved through a projection algorithm.
An iteration involves successive solutions of Helmholtz and Poisson equations for the velocity
and the pressure correction, respectively. A direct solver for these equations is used, based on a
complete matrix diagonalization technique, Raspo et al. (2002).
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2.3 Boundary conditions
The tuning of inflow and outflow boundary conditions is a key issue as they may produce in-
stabilities and reflections. At the outflow, convective boundary conditions (Sommerfeld type)
were used in order to avoid spurious reflections of the wave packets. Such conditions have been
reviewed by several authors (see in Ruith et al. (2004)), and it appears that a local explicit dis-
cretization with a constant advection velocity is best suited here. This advection velocity had to
be as close as possible to the actual local phase-velocity of the wave packets, ensure the mass
flow rate conservation, and respect the local CFL condition.
At the inflow, the imposed velocity profile was picked up from an another cavity whose local
parameters of the flow at mid-section matched exactly those of the entry section.
At the disks, the velocity boundary conditions are homogeneous Dirichlet (all the components
are zero).
2.4 Initial disturbance
The impulse like response of the flow has been analyzed by superimposing an initial localized
disturbance on the velocity field. A Stokes flow over a cylindrical (axisymetric case), or hemi-
spherical (three-dimensional cases) obstacle located at the upper wall was used as a disturbance
in order to keep the velocity field divergence free. For non-zero azimuthal wave-numbers, the
obstacle was repeated several times at the same radial position. The intensity of the perturbation
was parametrized by the radius (Rp) of the obstacle, in most cases we used Rp/h = 0.016.
3 Results
The configuration corresponds to the following values: Rm = 9, L = 5, Reh = 780 and the
computational domain has been restricted to an angular sector of 2pi/68, forcing the periodicity
of the flow. This value was chosen because 68 is the most unstable azimuthal wave number for
the absolute instability. Final mesh, ensuring grid independancy, was 241× 65× 320 in radial,
axial and azimuthal directions.
Time recordings of the perturbation velocity field have been made during the simulations,
and multi-dimensional FFT applied to the obtained data yielded the spectral characteristics
of the wave-packets (wave lengths, azimuthal wave number and time frequency). This set of
parameters were used to identify the corresponding modes of instability (successively the con-
vective type II, convective type I and absolute type I), matching them to results in the literature.
If Cw is fixed so that the Reδ is everywhere below the critical value for absolute instability,
the flow exhibits only convective behaviour, and eventually returns to stability after each pertur-
bation. On the contrary, for Cw = 2500, the flow settles in a time sustained global oscillation,
as shown on figure 2, whose amplitude profile is steady once converged. The amplitude profile
of the global mode is defined by equation 2.
A2(r) = 2pir
∫
2pi
0
∫
1
−1
1
2
(u
′
2 + v
′
2 + w
′
2)dzdθ (2)
Where, u′ , v′ and w′ represent the perturbation velocities in the radial, azimuthal, and axial
directions, respectively.
The slope of the profile in its linear part indicates an exponential growth rate of ki = 0.13 to
be compared with the theoretical value of ki,0 = 0.122 computed by Pier (2003) for the absolute
growth rate. This similarity is in agreement with the steep non linear front theory as expressed
in Couairon & Chomaz (1999).
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Figure 2: (a) Spatio-temporal recording of the axial perturbation velocity for a given azimuth and height,
showing wave-packet development from the original perturbation, and following evolution in a stable
front. (b) Spiraling vortices corresponding to the final state of (a).
Figure 3: Time spectrum derived from the data in figure 2. The energetic content of each frequency
is represented by means of gray intensity. x-axis corresponds to radius, and y-axis to non-dimensional
frequency.
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4 Conclusions
Solutions of the three-dimensional non-linear Navier-stokes equations have been investigated
in a rotating cavity. For a set of control parameters (Reδ and Ro) the flow undergoes a transition
from globally stable to globally unstable behaviour. Above this threshold, self-sustained oscil-
lations arise in the form of a global mode as predicted by Pier (2003). Upwind of the saturated
plateau, a front is observed, where the wave packet undergoes exponential growth.
As the flow is supercritical in the whole cavity the location of the front cannot be related to
the local convective to absolute instability transition. Stationary Dirichlet boundary conditions
allowing no perturbation at the inflow, the exponential growth takes place in the computational
domain instead of upwind of it. Moreover the theory doesn’t apply to the entry zone where the
flow is rapidly varying.
There remains to understand the role of the non-linear global mode in transition to turbulence.
The forced azimuthal periodicity (2pi/68) seems to prohibit this transition, even if it can be
noted that the time spectrum is already rather complex (figure 3). Further computations are
then required, allowing more azimuthal wave-numbers. In this perspective, investigations about
a possible secondary instability are still to be done.
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